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WHEN AN AMALGAMATED DUPLICATION OF A RING ALONG AN IDEAL
IS QUASI-FROBENIUS
NAJIB MAHDOU AND MOHAMMED TAMEKKANTE
Abstract. In this paper, we characterize an amalgamated duplication of a ring R along a
proper ideal I, R ⊲⊳ I, which is quasi-Frobenius.
1. Introduction
Throughout this paper, all rings are commutative with identity element, and all modules
are unital. If M is an R-module, we use pdR(M), idR(M) and fdR(M) to denote, respec-
tively, the classical projective, injective and flat dimensions of M. It is convenient to use
“local”to refer to (not necessarily Noetherian) rings with a unique maximal ideal. With an
idempotent element we means element a ∈ R such that a2 = a.
The amalgamated duplication of a ring R along an R-submodule of the total ring of quo-
tients T (R), introduced by D’Anna and Fontana and denoted by R ⊲⊳ E (see [5, 6, 7]), is
the following subring of R × T (R) (endowed with the usual componentwise operations):
R ⊲⊳ E := {(r, r + e) | r ∈ R and e ∈ E}.
It is obvious that, if in the R-module R ⊕ E we introduce a multiplicative structure by
setting (r, e)(s, f ) := (rs, r f + se + e f ), where r, s ∈ R and e, f ∈ E, then we get the ring
isomorphism R ⊲⊳ E  R ⊕ E. When E2 = 0, this new construction coincides with the
Nagata’s idealization. One main difference between this constructions, with respect to the
idealization (or with respect to any commutative extension, in the sense of Fossum) is that
the ring R ⊲⊳ E can be a reduced ring and it is always reduced if R is a domain (see [5, 7]).
If E = I is an ideal in R, then the ring R ⊲⊳ I is a subring of R × R. This extension has
been studied, in the general case, and from the different point of view of pullbacks, by
D’Anna and Fontana [7]. As it happens for the idealization, one interesting application
of this construction is the fact that it allows to produce rings satisfying (or not satisfying)
preassigned conditions. Recently, D’Anna proved that, if R is a local Cohen-Macaulay
ring with canonical module ωR, then R ⊲⊳ I is a Gorenstein ring if and only if I  ωR (see
[5]). Note also that this construction has already been applied, by Maimani and Yassemi
for studying questions concerning the diameter and girth of the zero-divisor graph of a ring
(see [8]).
Recently in [4], the authors study some homological properties and coherence of the amal-
gamated duplication of a ring along an ideal.
The main result of this paper is stated as follows:
Theorem 1.1. Let R be a ring and I a proper ideal of R. Then, R ⊲⊳ I is quasi-Frobenius
if, and only if, R is quasi-Frobenius and I = Ra where a is an idempotent element of R.
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2. proof ofMain result
To proof this Theorem we need some Lemmas:
Lemma 2.1. A direct product
n∏
i=1
Ri of rings is quasi-Frobenius if, and only if, each factor
Ri is quasi-Frobenius.
Proof. Follows directly from [1, Proposition 2.6] and [2, Theorem 3.1]. 
Lemma 2.2. Let R be a ring and I be a nonzero ideal of R. If R ⊲⊳ I is quasi-Frobenius,
then so is R.
Proof. Suppose that R ⊲⊳ I is quasi-Frobenius. If I = R, we have R ⊲⊳ R = R × R.
Thus, from Lemma 2.1, R is quasi-Frobenius. So, we may assume that I is a proper ideal.
From [9, Theorem 1.50], R ⊲⊳ I is Noetherian and AnnR⊲⊳I(AnnR⊲⊳I(J)) = J for every
ideal J of R ⊲⊳ I where AnnR⊲⊳I(−) means the annihilator over R ⊲⊳ I. Then, from [6,
Proposition 2.1(4)], R is also Noetherian. Now, let J be an ideal of R. We claim that
AnnR(AnnR(J)) = J. The inclusion J ⊆ AnnR(AnnR(J)) is clear, so we have to prove the
converse inclusion. The set J ⊲⊳ I := {( j, j + i) | j ∈ J and i ∈ I} is an ideal of R ⊲⊳ I.
Thus, AnnR⊲⊳I(AnnR⊲⊳I(J ⊲⊳ I)) = J ⊲⊳ I. Let (r, r + i) ∈ AnnR⊲⊳I(J ⊲⊳ I). Then, for all
j ∈ J we have (r j, r j + i j) = (r, r + i)( j, j) = (0, 0) since ( j, j) ∈ J ⊲⊳ I. Therefore,
r, i ∈ AnnR(J). So, if x ∈ AnnR(AnnR(J)) we have (x, x)(r, r + i) = (xr, xr + xi) = (0, 0).
Then, (x, x) ∈ AnnR⊲⊳I(AnnR⊲⊳I(J ⊲⊳ I)) = J ⊲⊳ I. So, x ∈ J as desired. Consequently, from
[9, Theorem 1.50], R is a quasi-Frobenius ring. 
Lemma 2.3. Let R be a local ring and I be a nonzero ideal of R. If R ⊲⊳ I is quasi-Frobenius
then, R is quasi-Frobenius and I = R.
Proof. Suppose that R ⊲⊳ I is a quasi-Frobenius ring. Then, by Lemma 2.2, R is also quasi-
Frobenius. Moreover, from the isomorphism of R-modules I R HomR⊲⊳I(R,R ⊲⊳ I) ([5,
Proposition 3]), we deduce that I is an injective R-module since R ⊲⊳ I is self injective
(From [9, Theorem 1.50]). Thus, I is projective since R is quasi-Frobenius and from [9,
Theorem 7.56]. Hence, there exists a nonzero divisor element x ∈ R such that I = xR since
R is local. We have the following descendent chain of ideals:
.... ⊆ x3R ⊆ x2R ⊆ xR
Since R is Artinian (from [9, Theorems 1.50]), this chain is finite an so there is an integer
n such that xn+1R = xnR. Then, there is an element a ∈ R − {0} such that xn = xn+1a and so
xn(1 − xa) = 0. Thus, 1 = xa since x is a nonzero divisor element of R. Consequently, x is
a unit element and I = R. 
Using the above Lemma we have the following direct Corollary:
Corollary 2.4. If R is local ring and I a nonzero proper ideal of R. Then, R ⊲⊳ I is never
quasi-Frobenius.
Lemma 2.5. Let {Ri}1≤i≤n be a family of rings. For each 1 ≤ i ≤ n, let Ii be an ideal of Ri.
Then, there is a naturel isomorphism of rings
n∏
i=1
(Ri ⊲⊳ Ii)  (
n∏
i=1
Ri) ⊲⊳ (
n∏
i=1
Ii)
3Proof. The proof is done by induction on n and it suffices to check it for n = 2.
But, it is clear that the map:
ζ : (R1 ⊲⊳ I1) × (R2 ⊲⊳ I2) → (R1 × R2) ⊲⊳ (I1 × I2)
((r1, r1 + i1), (r2, r2 + i2)) 7→ ((r1, r2), (r1, r2) + (i1, i2))
is an isomorphism of rings, as desired. 
Lemma 2.6. Let R be a ring and I, J be a two ideals of R such that I ∩ J = {0} and
I + J = R. Then, we have the following isomorphism of rings R ⊲⊳ I  R/I × (R/J)2 and
R  R/I × R/J.
Proof. The proof will be elementary. Since I + J = R, let i0 ∈ I and j0 ∈ J such that
1 = i0 + j0. To see the first isomorphism we consider the following map
ψ : R ⊲⊳ I → R/I × (R/J)2
(r, r + i) 7→ (r, (̂r, r̂ + i))
It is easy to see that ψ is an homomorphism of rings. Moreover, if ψ(r, r + i) = 0, we will
have r, i ∈ I ∩ J = {0}. On the other hand, if (r, (r̂′, r̂”)) is an element of R/I × (R/J)2,
we have that (r, (r̂′, r̂”)) = ψ((r j0 + r′i0, r j0 + r′i0 + r”i0)). Hence, ψ is an isomorphism of
rings.
Also, it is easy to check that
φ : R → R/I × R/J
r 7→ (r, r̂)
is an homomorphism of rings which is injective (since (r, r̂) = 0 implies that r ∈ I∩J = {0})
and surjectif (since for every r, r′ ∈ R, we have (r, r̂′) = φ( j0r + i0r′)). Hence, φ is an
isomorphism of rings. 
Remark 2.7. A particular case of Lemma 2.6, is by taken I = eR where e is an idempotent
element and J = (1 − e)R. Clearly, I + J = R and I ∩ J = 0.
Proof of Theorem 1.1. Assume that R ⊲⊳ I is quasi-Frobenius. Then, by Lemma 2.2, R
is quasi-Frobenius. Thus, from [3, Proposition 1.7], R =
n∏
i=1
Ri where Ri is local quasi-
Frobenius. Hence, I has the form I =
n∏
i=1
Ii where Ii is an ideal of Ri for each 1 ≤ i ≤ n.
Thus, by Lemma 2.5, R ⊲⊳ I 
n∏
i=1
Ri ⊲⊳ Ii. Hence, by Lemma 2.1, Ri ⊲⊳ Ii is quasi-
Frobenius for each i. Then, by Lemma 2.3, Ii = Ri or Ii = 0. Hence, I = (a1, ..., an)R where
ai ∈ {0, 1}. But since I is a proper ideal (a1, ..., an) , 0. Clearly, (a1, ..., an) is an idempotent
element of R, as desired.
Conversely, suppose that R is a quasi-Frobenius ring and let a be an idempotent element
of R. Then, by lemma 2.6, R  R/(a) × R/(1 − a). Thus, R/(a) and R/(1 − a) are quasi-
Frobenius and so is R ⊲⊳ I  R/(a) × (R/(1 − a))2, as desired. 
Proposition 2.8. Let R be a ring an I a proper ideal of R. Then, R is projective as an
R ⊲⊳ I-module if, and only if, I = Re where e is an idempotent element of R.
Proof. Consider the short exact sequence of R ⊲⊳ I-modules:
(⋆) 0 −→ 0 × I ι−→ R ⊲⊳ I ε−→ R −→ 0
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where i is the injection and ε(r, r + i) = r. It is obvious that R is projective (as an R ⊲⊳ I-
module) if, and only if, (⋆) split. That imply the existence of an R ⊲⊳ I-morphism π : R →
R ⊲⊳ I such that ε ◦ π = id(R). If π(1) := (a, a + j), we get 1 = ε ◦ π(1) = ε(a, a + j) = a.
Hence, for an arbitrary element r ∈ R and all i ∈ I, π(r) = π((r, r + i).1) = (r, r + i)π(1) =
(r, r + i)(1, 1 + j) = (r, r(1 + j) + i(1 + j)). But π must be well defined. Thus, i(1+j)=0
and then i = −i j for any i ∈ I. In particular, j = − j2 and so i = i j2. Hence, I = R j2 and
j4 = ( j2)2 = (− j)2 = j2 (i.e; j2 is an idempotent element of R).
Conversely, if I is generated by an idempotent e, it is easy, by considering the R ⊲⊳ (e)-
morphism π : R → R ⊲⊳ (e) defined by π(1) = (1, 1 − e), to check that (⋆) splits. 
Corollary 2.9. Let R be a quasi-Frobenius ring and I a proper ideal of R. Then, R ⊲⊳ I is
quasi-Frobenius if, and only if, R is a projective R ⊲⊳ I-module.
Proof. Follows directly from Theorem 1.1 and Proposition 2.8. 
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